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Amorphous media at finite temperatures, be them liquids, colloids or glasses, are made of inter-
acting particles that move chaotically due to thermal energy, colliding and scattering continuously
off each other. When the average configuration in these systems relaxes only at long times, one
can introduce effective interactions that keep the mean positions in mechanical equilibrium. We
introduce a new framework to determine the effective force-laws that define an effective Hessian
that can be employed to discuss stability properties and density of states of the amorphous system.
We exemplify the approach with a thermal glass of hard spheres; these feel zero forces when not in
contact and infinite forces when they touch. Close to jamming we recapture the effective interactions
that at temperature T depend on the gap h between spheres as T/h [C. Brito and M. Wyart, Eu-
rophys. Lett. 76 149 (2006)]. For hard spheres at lower densities or for systems whose binary bare
interactions are longer ranged (at any density) the emergent force laws include ternary, quaternary
and generally higher order many-body terms, leading to a temperature dependent effective Hessian.
Introduction: The experimental determination of the
inter-particle forces in amorphous glassy system is a non-
trivial challenge that has attracted a lot of effort, both
in athermal granular systems [1–3] and in thermal sys-
tems like colloids [4–8]. The aim of this communication
is to introduce a new method to determine the emergent
force laws of the “effective interactions” between parti-
cles in thermal amorphous systems, especially in systems
where direct measurements are either very difficult or
even impossible. The suggested approach is only rele-
vant for thermal amorphous systems that are “arrested”
in the sense that the thermal dynamics of every particle
is restricted to vibrations within a cage. We thus aim at
glassy systems, at temperatures below the glass transi-
tion, or colloids at densities sufficiently high to suppress
diffusion for sufficiently long times. Thus the basic pre-
requisite to the discussion below is a possibility to mea-
sure the average positions of the particles in the amor-
phous system, usually by averaging over the trajectory of
each particle for times that are sufficiently long to pro-
duce a converged answer, but shorter than any relaxation
time that destroys the cage structure to allow diffusion of
the particles outside their cages. Denote then, in a sys-
tem ofN particles at temperature T the average positions
of the particles as {ri}
N
i=1. These average positions define
a configuration that is time-independent. It is therefore
legitimate and useful to ask what are the effective forces
that are holding the configuration in force balance [9]. In
the present Letter we exemplify the approach with ther-
mal hard spheres near jamming and at lower densities.
We will find that near jamming there exist almost only bi-
nary interactions and therefore binary effective forces fij
are sufficient [10]. For hard sphere at lower densities and
for systems with binary longer ranged bare interactions,
emergent binary forces are not sufficient. Generically the
emergent effective forces will include also ternary, qua-
ternary and generally higher order interactions.
Needless to say, the effective forces will generically turn
out to be dependent on both the temperature and the
density of the amorphous glass. But once determined,
they can be manipulated in much the same way as the
given forces of athermal systems, including the availabil-
ity of an effective Hessian from which one can determine
stability properties and density of states. The definition
of such effective interactions opens a useful path for the
discussion of thermal amorphous systems using the host
of methods developed in the context of athermal systems.
Determining the effective forces, theory: When
only binary effective forces are needed, the necessary al-
gorithm for determining them had been already devel-
oped elsewhere [11], and it will only be summarized here
briefly. Below we will extend the formalism for cases
that call for higher order effective interactions. For keep-
ing the notation as simple as possible, we describe the
algorithm for systems in 2-dimensions [12], with an ob-
vious generalization to 3-dimensions. The ‘mechanical
equilibrium’ constraints for the average positions read:
M |fij〉 = 0 , (1)
where |fij〉 is a vector of the magnitudes of the c inter-
particle central forces fij . For simplicity we assume here
periodic boundary conditions, otherwise walls introduce
external forces that can be easily taken into account, cf.
Ref. [11]. The matrix M contains the x and y com-
ponents of the unit vectors nˆij ≡ rij/rij with rij be-
ing the vector distances between the particle positions
rij ≡ ri − rj . Explicit examples of such a matrix can be
found in Ref. [13].
Next the inter-particle force magnitudes are presented
2as Taylor-Laurent polynomials:
fABij =
ℓ2∑
k=ℓ1
aABk
(
rij − r
AB
0
)k
(2)
where ℓ1, ℓ2 are the most negative and most positive pow-
ers in the expansion respectively. Below we will denote
the number of terms in the expansion as ℓ ≡ ℓ2 − ℓ1 + 1.
AB denotes the interaction type. For example in the
case of a binary system these will be (AA,BB,AB), as
determined by the nature of the particles i, j. In general
we can have n types of particles. rAB0 are the positions
of the possible singularities around which we expand the
forces for each type of interaction. The coefficients aABk
can be grouped into a vector |a〉 of size n(n+ 1)ℓ/2 and
the force vector can now be written as:
|fij〉 = S|a〉 (3)
where S is the appropriate c × n(n + 1)ℓ/2 matrix con-
taining the Tyalor-Laurent monomials.
To have a unique solution for the coefficients of the
Taylor-Laurent expansion we need to fix one scale pa-
rameter. While in experiment we would measure the
pressure (and see Ref. [11] for details), in simulation of
hard spheres we have to calculate the impulse applied
in collisions (divided by duration)
∑
∆pij/∆t where the
sum is over all the collisions of the same pair of particles,
and ∆t is the time of measurement. Given the vector
distances between the average position of the particles,
say rij we can calculate the virial υ as
υ ≡ 〈rij |
∑
∆pij/∆t〉 . (4)
The problem of finding the effective forces then takes the
form
(
M
〈rij|
)
|fij〉 =
(
MS
〈rij|S
)
|a〉 ≡ Y |a〉 =

 0:
υ

 ≡ |t〉 ,
(5)
where Y is a (2N + 1)× ℓ matrix. We now multiply by
Y T from the left
Y TY |a〉 = Y T |t〉 (6)
The set of unknown coefficient |a〉 is then solved for using
standard Least-Squares methods.
One should note at this point that indeed the calcu-
lation of the impulse
∑
∆pij/∆t provides a direct mea-
surement of the effective forces between particles, see for
example Refs. [14, 15]. The procedure proposed here pro-
vides however the emergent effective force-laws, and not
just the forces. Moreover, while in numerical simulations
the measurement of the impulse is possible, it would be a
hopeless proposition in any experimental setting, where
nevertheless the measurement of the pressure and mean
positions are readily available. The method proposed
here remains valid when the pressure instead of the virial
is provided, cf. Ref. [11].
Example: thermal hard spheres: To exemplify
the above procedure we chose a 2D hard-sphere event-
driven simulation of over 107 collisions with a system
size of N = 400 particles with periodic boundary con-
ditions. The particles follow ballistic trajectories until
they make contact and undergo an elastic collision. The
particle radii R are slightly poly-dispersed around a bi-
nary distribution with mean values and standard devi-
ation of: 〈RA〉 = 0.5, σRA = 0.0081, 〈RB〉 = 0.7 and
σRB = 0.0123. A jammed state is used as the initial
configuration to be expanded as explained below. The
system has constant volume V and a constant energy
T = 1 (in units for which Boltzmann constant is unity),
with the initial momenta |p〉 of the particles chosen ran-
domly (with constant distributions on px and py sepa-
rately in the interval [−1, 1), subject to the constraint
that T = m〈p|p〉 . In hard spheres the temperature only
sets the time scales, so we took T = 1 and ran the sys-
tem at different densities as determined by the volume.
To analyze systems with different packing fractions, the
jammed state is expanded during the initialization of the
simulation. Expansions from an initial box of length Linit
to length L were applied such that
L = Linit × (1 + ǫ) , (7)
with ǫ between 10−5 and 5.5 · 10−2. The average posi-
tions were determined using averaging times that are well
below the time for which particle diffusion destroys the
meaning of the mean positions, but higher than the typ-
ical time between collisions. In practice this means that
we are limited in choosing the values of ǫ in Eq. (7). For
value of ǫ ≥ 5.5× 10−2 we could not determine the mean
positions of the particles with sufficient accuracy. To en-
sure that early dynamics due to the initial expansion do
not affect the analysis, the first configuration of a simu-
lation is discarded. To ensure that the “noisy transition
events” from one stable configuration to another [14, 15]
do not affect the analysis, the first 104 collisions in the
analyzed stable configuration are discarded.
For densities very close to jamming one expects the ef-
fective forces to remain binary, [14, 15]. In hard spheres
the energy is simply T . If one assumes that the only im-
portant scale is the gap h between close-by particles, di-
mensional considerations predict that the effective forces
would be simply T/h. As shown below, this simple as-
sumption is likely to fail at lower densities [14, 15]. We
first examine the efficacy of our proposed method in sup-
porting this binary effective force-law.
Results for binary effective forces: Having com-
puted the average positions of the centers of mass ri of
all the N particles, we determined the vector distances
rij and relative gaps between particles as hij where
hij ≡ rij −Ri −Rj . (8)
3Identifying in Eq. (2) rAB0 = R
A
i + R
B
j we rewrite that
equation in the form
fABij =
ℓ2∑
k=ℓ1
aABk h
k
ij . (9)
This simplifies the S matrix in the present problem to
the monomials in the gap values hkij . For hard disks we
expect that the effective interactions will depend only on
the gap hij and we can simplify things further by drop-
ping the distinction between particles of different size and
the superscripts A, B and AB. Taking then (for exam-
ple) six monomials in Eq. 9 with ℓ1 = −3 and ℓ2 = +3
(without a constant term!), we solve the problem set by
Eq. (6) and find that a
−1 ≈ T = 1 and all the other coef-
ficients vanish to high accuracy (better than 10−6). This
result should be compared with the direct measurement
of the effective forces between the particles, which, as said
above, can be evaluated from the momentum transfer,
following verbatim the approach of Ref. [14, 15]. The blue
line in the upper panel of Fig. 1 represents the solution
described here for ǫ = 10−4, and the red dots are the esti-
mates from the direct momentum transfer method. The
black dashed line represents the law C/hij and it coin-
cides with the predicted emergent force law when C = T .
The deviation of the red dots from the observed law in-
dicate inaccuracies in the direct simulation that occur at
larger values of hij . We have checked and determined
that the infrequent collisions between spheres separated
by high gaps cause the decline in accuracy of the direct
measurements of the effective forces. The mean number
of collisions between pairs in this simulation is 11547. By
demanding that there should be at least 100 collisions be-
tween an ij pair whose force fij is taken into account we
obtain the comparison shown in the lower panel of Fig. 1.
The improvement in agreement is obvious.
The first sign that these results are not necessarily
generic appeared while trying to repeat the same calcula-
tion for thermal glasses with Lennard-Jones bare forces.
The effective binary forces contained a large number of
Taylor-Laurent coefficients but failed to satisfy the me-
chanical constraints Eq. (1). The reason for this failure
is deep. In the algorithm proposed above we allowed
only binary effective forces, with flexible Taylor-Laurent
expansions, but only binary. This is appropriate in the
dense hard spheres example since there are almost only
binary interactions. In Lennard-Jones glasses even in
very dense packings, any momentum exchange between
two particles is strongly effected by other particles resid-
ing within the interaction distance. Accordingly, we ex-
pect that the emergent effective interactions will contain
ternary, quaternary and higher order terms, depending
on the density, the range of interactions and probably on
the temperature. In fact, the same issues appear also for
hard spheres when we reduce the density, as we demon-
strate next.
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FIG. 1: Upper panel: Comparison of the computed effective
forces for ǫ = 10−4: in blue line we present the results ob-
tained from the present algorithm, i.e. T/hij . In red dots
we show the results of estimating the forces from the direct
momentum transfer method. For small values of hij the agree-
ment is excellent, and it deteriorates at higher values. The
black dashed line is the expected result C/hij with C > T
to allow comparison. Lower panel: the same data plotted af-
ter excluding any particle pair which collided less than 100
times during the measurement period and the corresponding
measured forces.
Results for binary and ternary effective forces:
Reducing the density of the thermal hard spheres by us-
ing an expansion ǫ = 10−2 in Eq. 7 changes the situation
altogether. First, the direct measurements of the forces
does not yield a function of hij . This is demonstrated
in Fig. 2 where the red dots represent the forces mea-
sured directly from momentum transfer, plotted against
hij . The data scatter since the forces are not only func-
tions of hij , they are functions of more variables and do
not fall on a graph as a function of hij . Trying to fit the
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FIG. 2: Comparison of the measured forces (red dots) and
the best fit to binary forces (dashed black line). The mea-
sured forces are no longer a graph of hij since they reflect the
existence of multiple body interactions. The dashed line is
a graph by construction, but obviously it does not represent
the data well, and see Fig. 3
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FIG. 3: The net forces on each, rescaled by T/〈hij〉, plotted
in increasing magnitude. In black circles we show the net
forces computed from the best binary approximation. Blue
squares represent the net forces computed with binary and
some ternary contributions. The addition of even a limited
number of ternary interactions improves the approximation.
“best” binary forces fij results in the black dashed line
in Fig. 2. Obviously this resulting function does not do
justice to the scattered red dots; A good way to demon-
strate the failure of the best binary approximation is to
compute the net force on each particle, fi =
∑
j fij . This
should vanish for every i if the approximation were good.
In Fig. 3 we show the net forces fi in order of increasing
magnitude in black circles. Obviously the situation calls
for the introduction of additional terms to the emergent
effective forces.
For the sake of brevity we will demonstrate here how
the addition of a limited type of 3-body terms leads to
an improvement in satisfying the conditions of mechani-
cal equilibrium of the mean positions. We will add only
two types of terms, respecting the dimensionality of the
binary forces, i.e.
f (2)(hij , hik) ≡
a(2)T
(hijhik)1/2
,
f (3)(hij , hik, hjk) ≡
a(3)T
(hijhikhjk)1/3
, (10)
where a(2) and a(3) are dimensionless coefficients to be
determined. We recognize that in general other 3-body
and higher order terms may be necessary, but for the
purposes of this Letter it will be enough to the determine
our effective forces in the present approximation as
fij = −nˆij
(
fij(hij)+
∑
k
[
f (2)(hij , hik) + f
(3)(hij , hik, hjk)
] )
(11)
where the sum over k goes over k 6= ij. One should
recognize that the resulting forces fij are not a function
of hij as is required. The method described above can
be easily extended to determine the best fit in this form
and the result for the net forces when these terms are
included are shown as the blue squares in Fig. 3. The
improvement with respect to the binary approximation
is obvious, although convergence certainly requires addi-
tional terms.
In conclusion, we demonstrated a new approach based
on measuring the average positions of particles in thermal
amorphous systems in which the structural relaxation is
slow. This allows us to define and compute emergent ef-
fective force-laws that hold the system stable. In general
the emergent forces include ternary, quaternary and in
general higher order terms. Since the average positions
are time-independent, we can now study how the Hessian
of the effective interactions can be used to predict the sta-
bility, the mechanical responses and the density of states
of thermal systems in much the same way as is done in
athermal systems. The actual emergent theory, includ-
ing a full consideration of the many body interactions,
is beyond the scope of this communication and will be
presented elsewhere. In particular the convergence prop-
erties of this theory, both as a function of distance from
jamming and as a function of the order of the many-body
terms call for an exciting and novel theory of thermal
glasses.
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